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1. Introduction

Analytical analysis, numerical computation and experiment
are the three basic ways to research the order of nature. They
can work synergically to deepen the understanding of various
complex phenomena. The development of field synergy principle
for convective heat transfer enhancement is a typical example on
hand. In 1998 Guo and his co-workers found out the convection
term can be expressed as the dot product of velocity and temper-
ature gradient. And the integral of the dot product over the ther-
mal boundary layer is proportional to the heat transferred by
convection for the parabolic fluid flow case [1-3]. Therefore
reducing the intersection angle between velocity and temperature
gradient can enhance the convective heat transfer effectively. This
concept was extended to elliptic flow by both analytical analyses
and numerical computations in 2002 [4]. After that, this principle
was further confirmed by many numerical and experimental
studies [5-14]. All the results led to the establishment of the
principle as the unified theory of single phrase convective heat
transfer enhancement.

Another example of the “synergy” between different methods is
to verify numerical computation methods utilizing exact solutions.
It is well known that the exact solutions have their own theoretical
meaning. Many exact solutions played key roles in the early devel-
opment of fluid mechanics and heat conduction [15,16]. Besides
their theoretical meaning, exact solutions can also be applied to
check the accuracy, convergence and effectiveness of various
numerical computation methods and to improve their differencing
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schemes, grid generation ways and so on. The exact solutions are
therefore very useful even for the newly rapidly developing com-
putational fluid dynamics and heat transfer. For instance, several
exact solutions which can simulate the 3-D potential flow in turbo-
machine cascades were obtained by Cai et al. [17], and were
successfully used by some investigators in their numerical calcula-
tion to check their computational techniques and computer codes
[18-21]. In addition, the method of separating variables with addi-
tion, which was proposed by the second author, and other special
methods were widely applied to different types of equations to de-
rive analytical solutions [22-40].

In this paper, some exact solutions for 2-D convective heat
transfer between two parallel penetrable walls were derived and
analyzed based on field synergy theory. They are valuable to fur-
ther develop the field synergy principle and understand how to
improve or weaken field synergy in practice.

The derivation of field synergy principle in Ref. [1] was based on
the boundary layer energy equation and the integration domain
was the thermal boundary layer. The extension of this theory in
Ref. [4] was based on the energy equation and the integration
domain was the region bounded with solid walls, according to
Eq. (6) in [4]. These derivation procedures are independent with
any special boundary conditions or special heat transfer mediums.
Therefore, we tried to analyze these solutions with the same man-
ner, which makes the results more general. And it’s also an advan-
tage of exact solutions over numerical solutions in verifying
theories. On the other hand, one of the objects of this paper was
to present some physically meaningful benchmark solutions for
the computational fluid dynamics and heat transfer. The solutions
with better boundary conditions would be more preferable. There-
fore, the boundary conditions were also primarily discussed.
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Nomenclature

a thermal diffusivity, m?/s

Cp specific heat, J/(kg x K)

C; arbitrary constant, especially, Ci, is an arbitrary non-
zero integer

f) arbitrary function of y

Fc field synergy number

g(x) arbitrary function of x

h heat transfer coefficient, W/(m? x K)

H transverse distance between walls, m

Int The integral defined by Eq. (33)

k(x,y)  arbitrary function of x, y

n arbitrary nonzero integer

Nu Nusselt number

Nug, Nuq Nusselt number aty =0andy =1

p pressure, Pa

qo, q; heatfluxaty =0and y =1, W/m?

r(x) arbitrary function of x

T excess temperature, K

u velocity component in x direction, m/s

Um average velocity in x direction, m/s

Un average velocity, m/s

U velocity vector, m/s

u dimensionless velocity vector

v velocity component in y direction, m/s
X,y x ordinate and y ordinate

y dimensionless y ordinate

Greek symbols

n dynamic viscosity, kg/(m x s)

0 density, kg/m>

o) arbitrary function of y

W(x,y)  arbitrary function of x, y

AT temperature difference between walls, K
ANu total Nusselt number defined by Eq. (32)
ﬁ temperature gradient, K/m

VT dimensionless temperature gradient

A thermal conductivity, W/(m x K) |

0 field synergy angle between U and VT, deg

2. The first solution with uniform y direction velocity

The governing equation set of the 2-D steady laminar forced
convective heat transfer can be expressed as follows (neglecting
gravity and dissipation heat)

u ov
ou ou\  dp du  du
v ov ap v v
p <u& + "ay> TR <ax2 ay2> 3)
ug+vgfa 62T+62T (4)
ox oy oxz  oy?

where T is excess temperature; x and y are geometric coordinates; u
and v are corresponding velocity components; p is pressure; p is
density; a is thermal diffusivity; # is dynamic viscosity. To simplify
the analysis, p, a, n are assumed to be constant.

Governing equation set (1)-(4) are nonlinear simultaneous par-
tial differential equations. It’s not easy to be solved. In order to
obtain algebraically explicit analytical solutions for evidently
understanding the results and to obtain better benchmark solu-
tions, simple y direction velocity distribution is firstly assumed.
The simplest function form of y direction velocity is

v=0C (5)

Substituting Eq. (5) into Egs. (1) and (3), following results can be
deduced

Moo u=f) 6)
=0 p=glv 7)
Substituting Eqgs. (5)-(7) into Eq. (2), it is derived

pCif' () = =g’ () +nf"y) (8)
The variables can be separated easily

nf'y) = pGif y) = G = g'x) 9)

Then it is deduced

PQ}’) Gy
=-(C3ex +C 10
f) = ~Crexp (P50) - 22 vy (10)
8x) =Cx+GCs (11)
Assuming the no slip condition are satisfied aty=0andy =1
Uyo=f(0)=-C3+C4=0 (12)
,0C1> G,
uy—1 =f(1) = -Csex -—+C4=0 13
pr=f) = -Gewp (51) -2+ ¢4 (13)
then following results are derived
Cys=0C3 (14)
C, = —pCiCs|exp (%Q) - 1} (15)
Therefore, the final solution for the fluid flow Egs. (1)-(3) is
— _Csexp (pf;y) e [exp (p; ) —1}y+C3 (16)
V= C] (17)
p=—pCiCs [exp p” )-1}x+c5 (18)
Substituting Eqs. (16) and (17) into the energy equation (4) leads to
{—Qexp( ) {exp( ) 1}y+C3}g+C1 cr
oy
T T
a<6x2+ay2> (19)

Or Eq. (19) can be expressed as

{ Csexp (pvy> fa—pl}wCs}gwg

n ox pv ox ay
o°T o°T
= (W + W) (19a)
If first assuming
T=0o©y) (20)

Eq. (19) can be simplified as
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dp d°¢p
Cgy=ayr (1)
Then it is derived
T = Co+Cyexp ( ”) (22)

Egs. (16)-(18) and (22) is a solution of the governing equation set
(1)-(4) with isothermal boundaries. The wall temperature T; (the
temperature at y = 1) and T, (the temperature at y = 0) are differ-
ent. Some constants in this solution are actually physically mean-
ingful. For example, C; is the penetration velocity, namely y
direction velocity; Cs reflects the pressure gradient in x direction;
and C7 influences the wall temperature difference proportionally.
The boundary conditions could be

y=0 u=0
V:C1
p = —pCiCs [exp (25) —1]x + s
T=Cs+Cy
y=1 u=0
V_C1

p=—pCCs {exp ”C1> - 1}x+ Cs
T =Cgs +Crexp (;)

/—\

x=0 u:—Qexp(%‘”)—s—Q[exp(@)—1]y+C3
VZC]
p=0Cs
T=Cs+Crexp( a”

x=1 u=-G exp("Cl [exp ("C1>71]y+C3

V= C]

p=-pCG {EX (pT) — 1} +GCs
T = Cs + C7exp ()

The boundary conditions of other solutions given in the following
paragraphs can be determined similarly.

The isothermal lines are parallel to x axis. The streamline equa-
tion can be derived by dy/dx = v/u and the result is

Y A — Stream Line

. Isothermal Line

L 0 O

X

0 0 AUV O O W U O O IOV DN S0 A 3 0

Fig. 1. The stream lines and isothermal lines of the solution Eqs. (16)-(18) and (22)
with C; >0,C; >0and C; > 0.
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Fig. 2. The variation of u in Eq. (16) with C; > 0 and C; > 0.

e (pC1y> 2 { (/’G) } ’
Cix=—-——"ex +—=|ex +C3y+C
1 oGy p n P p 1 y 3y 8
(23)

When C; >0, C3 >0 and C; > 0, the stream lines and isothermal
lines are illustrated in Fig. 1. The variation of u with C; and Cs is
shown in Fig. 2.

The temperature difference between the two walls is

AT =T, - Ty = {CG + C7exp (%)} —(Cs+C7)

— ¢ [exp (%) - 1] (24)
If assuming
C; = {exp <Cal) - 1}71 (25)

it is deduced AT =1, which means the temperature difference
between the walls is independent of C;. If further assuming

Co=— {exp (%) - 1} B (26)

Eq. (22) becomes

oo (§) o) ()

Then we can get the solution Egs. (16)-(18) and (27) with T; =1
and Ty = 0, which means the wall temperatures are not influenced
by the value of C;. The arbitrary constants C; and Cs can only influ-
ence the flow field, but not the thermal boundaries on walls. It is
convenient for us to analyze the variation trend of Nu with C; and
GCs.

The field synergy principle is obviously suitable in this case,
since T =0, [0 U. VTdy =a 0] ZZZ dy. There is no x direction heat
transfer needs to be considered. From Eq. (27) it is deduced

A oT Ci2 <C1y>
h= — = exp ( —= 28
(Ti —To) &y aexp (%) —a Pa (28)

The characteristic length for Nusselt numbers is chosen as 2H,
where H is the transverse distance between walls, which equals 1
in this paper. 4 is thermal conductivity. Then the expressions of
Nusselt numbers are
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~2h 2G Gy
Nu = - = T exp <7 (29)
aexp(—_-)-a
Nup = el (30)
aexp (?1) —a
Nu, = SIS exp <%> (31)

©)
aexp () —a

Since the Nusselt numbers on the walls are different, another
parameter is defined to facility the analysis

2 o1 2 /1 FT . 2C;
0

ANUZNU]_NUO:(D—TO)@OZ(Tl—TO) Wy: a

(32)
According to the definition of ANu, it can be regarded as the total

wall Nusselt number. If q; = -1 & have different

o,
signs, ANu is the dimensionless total wall heat exchange strength.
Ifq =-25 )
dimensionless difference value of wall heat exchange strengths.
The integral of the dot product of velocity and temperature gradi-

ent, which can be regarded as the convective source term, can be
expressed as

— _ar
and q, = aiR

G

and qo = -9 , are with the same signs, ANu is the

1 1
Int:/ U-VTdy:/ ngy:Cl(Tl —-To)=C (33)
0 o ay

It's clear that Int and Nu have nothing to do with C; if C; is not a
function of Cs. The variation of Int, Nu;, Nup and ANu with C; is
shown in Fig. 3. It is noticeable that the variation of convective
source term has quite different influence on the heat transfer con-
dition of different walls. But the variation trends of Int and ANu are
the same.

The formula of field synergy angle can be deduced as follows

2
VT U= )VTHFI‘ cosg=ul 1y, T _GG exp Gy
X oy oy a a
(34)
‘ C1 C7 (QJ’) (35)
a
Nu,
Nu Int
CJ
Fig. 3. The variation of Int, Nuy, Nup and ANu with C; in the solution Eqgs. (16)-(18)

and (22).

’U‘ = V2 412

J[Foon (52) o (S) o) c

(36)
cosl = G _ (37)
Ve em () <o e (1) 1]+ 0} 6
0 = arccos G _
Vil e () « S [ow () -1y ) i
(38)

The variation of 0 with C; is shown in Fig. 4. It shows 0 increases
with C3 which means the degree of field synergy is worse with
larger x direction velocity.

The expression of field synergy number can be derived as

11—
Fc — / 0. VTdy (39)
0
= U = VT _
U=, VI= —y/1 40
U, Ty =Ty y=y/ (40)
Un = \Ju +v2 = 12, + C (41)
1
U :/ {—C3 exp <@> +GC; {exp <p_C1> — l}y—s—@}dy
0 n n
o0 (752) <5 [o (5 1] v
={———e +—=|ex -1|y*+C
{pCl P T2 [Py Yoy
e (5) <3 e (5) 1]+
_ & 1 +C
TG TP ) T2 [Py pC
(42)
1= — 1 G
A Tdy*um(Tl—To)/ YD w

The variation of Fc with Cs is shown in Fig. 5. Figs. 4 and 5 demon-
strate that the field synergy number is a decreasing function, while
0 is an increasing function of x direction velocity, when y direction
velocity is kept constant. At the same time Int, Nu;, Nuy and ANu are

YA
1.2+
1.04
0.84

0.64

0.4 -

0.24

0.0- .
0

Fig. 4. The variation of 6 with Cs in the solution Egs. (1

6)-(18) and (22).



1048 C. Gou et al./International Journal of Heat and Mass Transfer 52 (2009) 1044-1052

A A
Fe
S
-
. Nu,
~
N
)
~
~
~
~
LY
N
Nu ANu '~ Fe
~
~
~
~
~
hY
5
~ ~
Nu, ..
o8

Fig. 5. The variation of Fc with C; in the solution Eqs. (16)-(18) and (22).

not influenced by x direction velocity. Generally, for the convective
heat transfer process which satisfies £ = 0 in the whole computa-
tion domain, the x direction velocity u = y(x,y) might influence Fc
and 0 but not Nu or Int, which makes the variation trend between
them are different.

3. The second solution with uniform y direction velocity

If it is assumed
T=o¢(y) - Cox (44)
Eq. (19) can be simplified as

do pCiy pCi _ o
C1d—y—{—C3exp( " +Cs |exp T —1|y+GCs Cg_ad—y2

(45)

Cy actually could reflect the temperature gradient along the walls.
The result is

2
T=Cs+Crexp (m) + CZCM 5 exp (pC1y>
a ap*Cy —npCy n
C3Cg pC] 2
e {exp <T> B 1}y
aCsCq {exp (%) — 1] + C1G3Cy
&

+ y — Cox (46)

Eqgs. (16)-(18) and (46) is a solution of the governing equation set
(1)-(4). The temperatures on the walls are linear functions of x.
The temperature difference between walls is constant.

2
AT = C7exp (%) + CsCon exp (p—cl>

ap2Cl —npC; -\
C
et {exp (LC]) B 1} | 566 [exp (”,1—’)27 1] +CiCCy
ZC] 1’] Cl
C3Con?

apC —npC

(47)

When C; >0, C3 >0, Co >0, ap ># and C¢ = C; =0, the stream
lines and isothermal lines are illustrated in Fig. 6.
From Eq. (46) the expression of temperature gradient is

YA — Stream Line

- - .. Isothermal Line
LS S S S A

1.0

0.8+

0.6 1

0.4+

0.24

0.0

X

EEREENNNENRBEEEENNR

Fig. 6. The stream lines and isothermal lines of the solution Eqs. (16)-(18) and (46)
with C; >0,C3 >0,Co >0,ap >nand Cg = C; =0.

oT GG (a y) C3Con (pCIY)
— = exp|— |+ ex
oy a P apC, — G, P\ Ty

a
C3Co {exp (pCl) ) 1}3/ 96 [exp (%) — 1] + €1 G5Co

+

G n &
(48)
If assuming
or =0 (49)
ay Y=¥1

where y; is a constant between 0 and 1, it is deduced

GGy Ciyy C3Con pCiy,
a exp( a +apC1—’1cleXp n

18]
C5Co e aCsCo [exp (T) —1} +C1C3C97
+ C {exp <T>—l}y1+ Cf =0 (50)

Further assuming

C10C3Coa
G =0 (51)
Cl
Eq. (50) can be simplified as
Gy, h PCiy, PGy
Cwexp< a +ap_nexp r + |exp ’1 1|y,
alexp (1) — 1] +C
+[ () -1 ‘-0 (52)

1
The expression of Cyg is
£9)-1]+c
1 exp (£9%1) + |exp (£1) — 1|y +—a[exp(”) !
el fon () e
e ()

Then Eq. (46) becomes

ClOCiCQGexp <%> C3Con? ex (PQY)

: ap?Ci—npCi n

exp (pTC1> - 1]y2 +aC3c9 [EXP (972 - 1] +GGG

T=Cs+

&1e)

36

y —Cox
(54)
In the solution Egs. (16)-(18), (53) and (54) there is
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T
ox2
which means the field synergy principle is obviously suitable in this
case. No x direction heat transfer needs to be considered. Eq. (4) can
be simplified as

o = ol _ aZT

(55)

Uz tv ay W (56)
If integrating Eq. (56) over [0,y,] and [y,, 1], it is derived
N/ 9T oT oT 1 oT
+v_—|dy=a—- =—|-4— 57
[ Servg)o=agl <5 ( ayyo> &7
) aT) aT 1 oT
u_—+v_—|d —— | 2= 58
/yl < x o)V %y, T e \ ©8)

These equations demonstrate that if there is 1 >y, > 0 at which
T
Dly=y,
y =0 are decided by the convective source term in the domain
[0,y,]- And the heat transferred between the fluid flow and the wall
y = 1is decided by the convective source term in the domain [y,, 1].
They are not related directly with the field synergy degree in the
whole computation domain between the walls, if axial heat transfer
can be neglected or there is no axial heat transfer, as in this exam-
ple. Furthermore, if there are 1>y,>y,>0 at which
%y S, =, =0, then the heat transferred at the walls y =0
=2

and y =1 are decided by the field synergy degree in the domain
[0,y4] and [y,, 1], respectively. The field synergy condition in the do-
main (y,,y,) is not directly related with heat transferred at the
walls. This gives the way to find out the heat transfer situation on
a specific wall though field analysis. This also points out the rela-
tionship between the local field synergy condition and the specific
wall heat transfer.

More generally, for a given temperature field T(x,y), if there is a
curve y = y(x) on which °§ 0 are always satisfied in the domain
X € [x1,X2], as instantiated in Fig. 7, it actually divide the velocity
field and the temperature field between [x;,X;] into several parts.
The energy transferred between fluid flow and the upper wall or
the bottom wall can be calculated according to the upper or the
bottom convective source terms, respectively. It is interesting to
find that in the first example of Ref. [1] (see Fig. 1 and Eq. (2) in
[1]), the fields are in fact divided by the imaginary boundary of
thermal boundary layer. That is why the integral of the dot product

= 0, the heat transferred between the fluid flow and the wall

_ T

YA — r=x(x)

= Tsothermal Line

X

Fig. 7. The example of a curve y = y(x) on which g = 0 are always satisfied in the

domain x € [x1,X2].

over the thermal boundary layer is proportional to the wall heat
flux. And the fluid domain beyond the thermal boundary layer con-
tributes nothing to the heat transfer on the wall.

The authors notice that in Section 2.2 of Ref. [5], a parallel
plate duct with two square insertions was chosen as the compu-
tational domain (see Fig. 5 in [5]). The two inserted blocks were
assumed to be thermally isolated from the fluid. This example
actually can be regarded as a case in which velocity field and
temperature field are divided by inserted adiabatic objects. In
other words, inserted adiabatic objects can divide fields. There-
fore, when considering the duct with inserted objects, some ef-
fects need to be taken into account. First, they can introduce
interruption within the fluid. Second, they will occupy some
space, which decreases the integral domain of convective source
term. In addition, if they are adiabatic or can be regarded adia-
batic, they can divide the fields.

The variation trend of Int, Nu, 0 and Fc with C; can be analyzed
with the same method of the last section.

4. Other possible solutions with uniform y direction velocity

Based on the solution Eqgs. (16)-(18) and (46), if assuming
Ty—o =Ty (39)
it is deduced

2 2
G+ _ GG 5 = C7exp <&> + 7;3;9’1 5 €Xp <p_C1>
1= 1pG a ap?Cy —npG n

ap?C?
J4s!
GG pC1 aCsCy [exp <T> - 1} + C1C3Cy
Sl ()] e

(60)
58 o0 (5) i oo () 1
aC3Cq [exp (/’C’) 1}+C1C3C9 _ C3Cop? (61)
C - & ap2C—npC3
[1-exp (3)]

Egs. (16)—(18), (46) and (61) is a solution of the governing equation
set (1)-(4). The temperatures on the walls are linear functions of x.
But the wall temperature T; and T, are equal at the same x.

If assuming

or_ar

WVy—o Yy

instead Eqgs. (60) and (61), we can get
C,C C5C. C;,C C
7t 3917_71ep<1)

(62)

C3Con exp (LQ)

a apC,—-nC; a apCy —nCy n
&l () 1]
+ ex| -1 63
G xp n ©3)
= el € R il B =< S
7 1- exp &)

Eqs. (16)-(18), (46) and (64) is also a solution of the governing
equation set (1)-(4). The temperatures on the walls are linear func-
tions of x as well. But the wall heat fluxes are equal at the same x.

5. The solution with variable y direction velocity

If the y direction velocity is not uniform in the computation do-
main, the temperature field and the velocity field would be more
complex. It is assumed
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u = Cy; sin"(Cramy)k(x,y) (65)

where k(x,y)# + oo in the domain y € [0,1], x € [0, 1]; C;, and n are
arbitrary nonzero integers.

ou o ok(x,

= = Cursin'(Ciomy) (axy ) (66)
According to Eq. (1), it is deduced

Ve / Cyy sin” (C]zny)%dy (67)

For example, assuming k(x,y) = exp(C13x) and n = 1, then we can
get

u = Cy; sin(Cyomy) exp(Ci3X) (68)
V= Cé] SE 0s(C1amy) exp(Cy3X) + 1(x) (69)
1270

To simplify the derivation, assuming r(x) = 0, Eq. (69) becomes

_ CnGys
v= C]zTC

Substituting Egs. (68) and (70) into Eq. (4) leads to

cos(Ciamy) exp(Cizx) (70)

. oT Cq1:C oT
Ciy sin(Cizmy) exp(Cisx) = + Cljz;; cos(Cyamy) exp(Clgx)@
*T T

According to the field synergy principle, reducing the intersection
angle between velocity and temperature gradient can enhance the
convective heat transfer. On the contrary, increasing the intersec-
tion angle between them can weaken the convective heat transfer.
Both of these conclusions are useful in practice. Most papers pub-
lished about field synergy principle are concerning heat transfer
enhancement. But here we derive a typical non-synergy explicit
solution, which means the intersection angle between velocity
and temperature gradient equals /2. Hence the heat transfer con-
dition is the worst. It is assumed

C11 5in(Camy) exp(CysX) %i T C&ZC;: cos(Cyamy) exp(CBx)%
2 2

Oa(%-t—%) (72)
A special solution of T in the left side of Eq. (72) can be expressed as
T = C14 cos(Cq2my) exp(Ci3x) + Ci5 (73)
Substituting Eq. (73) into the right side of Eq. (72), it is obtained
Ci3 = £Cipm (74)
Therefore, Egs. (68), (70) and (73) can be rewritten as
u = Cq; sin(Cyamy) exp(+CioTX) (75)
v = £Cqy cos(Cyamy) exp(£CiaTX) (76)
T = Ci4 cos(Cqamy) exp(£Ci2mx) + Cys (77)

Substituting Egs. (75) and (76) into Egs. (2) and (3), it is deduced
C2p
p=-— 121 exp(+2C1mx) + Cig (78)

Egs. (75)-(78) is a non-synergy solution. The y direction velocity
boundary conditions are as follows

u=0 (79)
u=0 (80)

y:07
y=1,

in addition

y=0, v==2Cy;exp(£Cqmx) (81)
y=1, when Cy; is an even number, v=+Cy;exp(+Cq,7X) (82)
y=1, when C, is an odd number, v==FCy;exp(+Cy27x) (83)

The thermal boundary conditions on the walls are

_oT

y=0, %—*A@—O (84)
oT

y=1, q1:—1@:0 (85)

The x direction boundary conditions are as follows
x=0 u=Cysin(Ciamy)

v = £Cq; cos(Cramy)

p=- @ + Cis

T = Cigcos(Camy) + Ci5

u = Cq; sin(Cypmy) exp(+£Ciy 1)

v = £Cqy cos(Cqomy) exp(£CiaT)

p = -2 exp(£2C;,m) + Ci

T = Cy4 cos(Ciamy) exp(£Ciam) + Cis5

The streamline equation can be derived by dy/dx =v/u and the
result is

In|cos(Ciamy)| = FCramx + Cy7 (86)
It is noticeable that in the solution Egs. (75)-(78)

U] = Vu2 +v2 = |Cy1| exp(+CaTx) (87)

which has nothing to do with y coordinate. Another feature needs to
be pointed out is that the velocity and the temperature distribu-
tions is not related with fluid properties. Only the pressure is
related with density. Generally, it is easy to understand from Eq.
(88) that the temperature distribution has always nothing to do
with thermal property a for a non-synergy solution. It is a favorable
feature for a benchmark solution.

ug+v%_0_a<§7§+§7§>, (88)
It is also interesting that

g = £C1,C14mcos(Cramy) exp(£Ciamx), (89)
g = —C13Cy47 sin(Ci2y) exp(+CiaTx) (90)
e %: Tctg(Cramy) (91)
u/v = +tg(Ciymy) (92)

Eqgs. (91) and (92) means the internal angles of U and VT with x axis
is independent of x coordinate.

The physical situation when Cy; is an odd number is different
with that when C;; is an even number. A typical example when
Cy» is an odd number is as follows, in which C;; =1, C, =1,
C14 = 1, C15 =1 and C16 =1.

u = sin(my) exp(mx) (93)
v = cos(Ty) exp(7x) (94)
T = cos(my) exp(mx) + 1 (95)
p= 75 exp(2mx) + 1 (96)
The streamline equations are

Incos(my) = —mx + Cy7. ¥y €0,0.5] (97)

In[— cos(my)] = —mx + Cy7. y € (0.5,1] (98)
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Fig. 8. The stream lines and isothermal lines of the solution Egs. (93)-(96).

YA — Stream Line
Isothermal Line

<y

Fig. 9. The stream lines and isothermal lines of the solution Egs. (99)-(102).

The stream lines and isothermal lines are illustrated in Fig. 8.

A typical example of this solution when C;; is an even number
is as follows, in which C;; =1, Ci3=2, Ci4=1, C;s=1 and
C16 =1.

u = sin(2my) exp(2mx) (99)
vV = CcoS(2my) exp(2mx) (100)
T = cos(2my) exp(2mx) + 1 (101)
p= 7§ exp(4mx) + 1 (102)
The streamline equations are

Incos(2my) = —2mx + C17. ¥y €[0,0.25] or y € [0.75,1] (103)
In[— cos(2my)] = —2mx + C47. ¥ € (0.25,0.75) (104)

The stream lines and isothermal lines are illustrated in Fig. 9. These
examples further demonstrate the common belief that the fluid

flow enhances the heat transfer is not always true [1]. And one of
the methods of enhancing single phrase convective heat transfer,
namely increasing the interruption in the fluid are not always effec-
tive. They also prove that the fluid motion can be utilized to weaken
the heat transfer.

6. Conclusions

Some exact solutions for 2-D convective heat transfer between
two parallel penetrable walls were presented in this paper. These
results are both theoretically important and valuable to the com-
putational heat transfer as benchmark solutions. And they are
valuable to further develop the field synergy principle and under-
stand how to improve or to weaken field synergy in practice. The
influence of some factors and the variation of Int, Nu;, Nuy, ANu,
0 and Fc were also discussed. It was demonstrated that the field
synergy degree might have different influences on the heat transfer
condition of different walls for this kind of flow. It was also pointed
out that the local field synergy degree might be more meaningful
than the field synergy degree in the whole domain in some cases.
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